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Part II: Recommended Statistical Methods



EOS 2025 / T. Kohnen

Jack T. Holladay, MD, MSEE1

Kristian Naeser, MD, DSMC3

Adi Abulafia, MD, PhD2

Li Wang, MD, PhD1

R. Doyle Stulting, MD, PhD4

 

In December 2020, The Journal of Cataract and Refractive Surgery (JCRS) formed a committee to reach and publish a consensus on clear 
and accurate astigmatism reporting guidelines to benefit JCRS authors and all researchers.  The committee consisted of clinicians and 
researchers with expertise in this area.  Following a series of virtual meetings, several of the committee members prepared the two 
manuscripts -- one on background and the second on standards for analyzing astigmatism. In addition to the authors of this paper, we want 
to acknowledge and thank the other members of the committee who made important contributions to the concepts incorporated in the 
written result of this project: Graham D. Barrett (MD, Australia), Laure Gobin (PhD, Belgium), and David Smadja (MD, Israel).
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Astigmatism
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58% ≤ 0,5D; 70% ≤ 1D

high astigmatism (>3D) rare!

Corneal astigmatism: frequency

Ferrer-Blasco T, Montes-Mico R, Peixoto-de-Matos SC, Gonzalez-Meijome JM, Cervino A. J Cataract Refract Surg 2009;35:70-5 
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Keratometer

Corneal astigmatism: measurements

Scheimpflug

OCT
Biometer

Important for measurements:
• Measure 2 or 3 times to confirm results
• Prior ocular surface optimization (artificial tears)
• Measure anterior and posterior astigmatism if possible

Kohnen T et al. Standards for analyzing astigmatic outcomes. Part I: Astigmatism basics. J Cataract Refract Surg (in press, 6/2025)
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• The mean magnitude of CApost was appr. −0.3 D
 Ho et al. (2009): -0.33 D (0.00–0.94)

n = 493, Scheimpflug imaging (Oculus Pentacam)

 Koch et al. (2012): -0.30 D (0.01–1.10):

n = 715, Scheimpflug imaging (Ziemer Galilei DAS)

 Tonn et al. (2014): -0.33 D ± 0.18

n = 3818, Scheimpflug imaging (Oculus Pentacam)

Studies on posterior corneal astigmatism

 Incoming parallel rays are refracted through the anterior and posterior corneal surface (in 

accordance with Snell’s law)
 with real refraction index numbers (1 for air, 1.376 for cornea, 1.336 for aqueous) 

 refracted rays, instead of parallel rays, reach the posterior corneal surface
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Lens tilt as an influence on astigmatism

Kohnen T et al. Standards for analyzing astigmatic outcomes. Part I: Astigmatism basics. J Cataract Refract Surg (in press, 6/2025)
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• Astigmatism is the difference between the two main orthogonal planes of a 

toric surface or lens

• Over 60% of people have more than 0.5 D of corneal astigmatism

• With more cataract and elective lens surgeries, predicting residual 

astigmatism has become crucial

• Despite many measurement methods, inconsistent terminology and 

approaches hinder comparisons

                       What is known
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• We suggest a consistent use of terminology and provide clear explanations 

and definitions for measuring astigmatism

• The integrity of the ocular surface is critically important for accurately 

measuring corneal astigmatism

• We provide clear and accurate astigmatism reporting guidelines based on 

sound optical principles

                 What this paper adds
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• 1. What do we want to know?
 How well does the patient see…uncorrected vision

 But it is affected by spherical error so not specific enough

 Actual amounts of residual astigmatism: scalar values

 How accurate are the outcomes compared to the predicted:  vector prediction error

Analyzing astigmatic outcomes

Koch DD, et al. Standards for analyzing astigmatic outcomes. Part II: Recommended statistical methods. J Cataract Refract Surg (in press, 6/2025)
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• 2. What do we want to know?

 Refractive astigmatism: scalar values 

 % of eyes with < 0.25, 0.5, 0.75 D etc. 

 Especially useful for procedures that 

target 0 astigmatism, eg, LASIK

Analyzing astigmatic outcomes

Koch DD, et al. Standards for analyzing astigmatic outcomes. Part II: Recommended statistical methods. J Cataract Refract Surg (in press, 6/2025)



EOS 2025 / T. Kohnen

Figure 1:  Cumulative histogram of dioptric bins
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Abulafia A et al. J Cataract Refract Surg 2018; 44:1169-1174
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• How accurate is the formula for hitting the predicted targets?
 More complicated for toric IOLs 

 The target is not zero due to 0.75 D IOL steps at IOL plane

Analyzing toric IOL astigmatic outcomes

Koch DD, et al. Standards for analyzing astigmatic outcomes. Part II: Recommended statistical methods. J Cataract Refract Surg (in press, 6/2025)
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• Complicated!

• Astigmatism has 2 variables:
 Power or magnitude

 Meridian or axis

 You don’t get reliable information by analyzing either in isolation

 Bivariate analysis is mandatory

Analyzing astigmatism outcomes

Koch DD, et al. Standards for analyzing astigmatic outcomes. Part II: Recommended statistical methods. J Cataract Refract Surg (in press, 6/2025)
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3. We want to compare the magnitude and angle of the postop refractive 

astigmatism to predict:

 Vector prediction error 

 Vector difference between ”Actual” and “Predicted”

 This describes the true accuracy of the formula/procedure

 Critical data in order to refine formula and procedures to improve 

outcomes

What variables should we analyze?

Koch DD, et al. Standards for analyzing astigmatic outcomes. Part II: Recommended statistical methods. J Cataract Refract Surg (in press, 6/2025)
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• Break it down into cartesian values:
 x = C*cos(2*α)  

 y = C*sin(2*α)

• Perform calculations on x and y separately

• Reassemble x and y into the astigmatic value in conventional notation

To analyze astigmatism

Koch DD, et al. Standards for analyzing astigmatic outcomes. Part II: Recommended statistical methods. J Cataract Refract Surg (in press, 6/2025)
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Single-angle vs. double-angle plots

Abulafia A, Koch DD, Holladay JT, Wang L, Hill W. J Cataract Refract Surg 2018; 44:1169-1174
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• Looks like phoropter

• But hard to really know what

the data show
MM.DD.20XX

ADD A FOOTER

                 Double angle plot

Same exact data points

Single angle plot

Each ring 

= 0.5 D

Koch DD, et al. Standards for analyzing astigmatic outcomes. Part II: Recommended statistical methods. J Cataract Refract Surg (in press, 6/2025)
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  Example of pre- and postop data

Abulafia A, Koch DD, Holladay JT, Wang L, Hill W. J Cataract Refract Surg. 2018; 44:1169-1174



EOS 2025 / T. Kohnen

• You can have a mean error—centroid--of zero and a huge spread (large 

confidence ellipse)

• You can have a small spread but a large mean error

• Only the vector prediction error takes both into account

What about statistical analysis

Koch DD, et al. Standards for analyzing astigmatic outcomes. Part II: Recommended statistical methods. J Cataract Refract Surg (in press, 6/2025)
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Example comparing formulas 

Toric IOL 

calculation 

based on 

anterior Ks

Toric IOL 

calculation 

with Abulafia-

Koch
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• Because it gives incorrect answers

Why can’t we analyze power & angle separately?

J Cataract Refract Surg 2021; 47:100–105 
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• Data are not normally distributed

• Requires different stats than 

have been used in the past

• Holladay et al:  R Project for 

Computing (Rand Wilcox)

• Instead of ellipse:  convex 

polygon to display the data

Statistics: new insights in bivariate analysis

Holladay JT, Wilcox RR, Koch DD, Wang L.J Cataract Refract Surg 2022; 48:799–812

1
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• Simplify the use of 28 functions

• Perform analysis in a batch mode

• Only need to upload data once for all analyses:
 IOL power calculation

 Astigmatism analysis

Wrap-up function in R

*Wang L, Holladay J, Wilcox RR, Koch DD. JCRS 2023;49:890-891

1
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1
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• Provides a streamlined approach for evaluating SEQ-PE and astigmatism

• Analysis adheres to the ISO standards for Accuracy, encompassing both 

"trueness" and "precision"

• Utilizes robust t-tests (univariate and bivariate) to compare the trimmed-

mean of data, accounting for heteroscedasticity

• Includes standard threshold tests to ensure comprehensive analysis

An online analysis tool for 

SEQ-PE & astigmatism assessment2
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• Scalar values for magnitude of astigmatism

• Vector prediction errors
 Double-angle plots for display and further analysis

 Centroids and convex polygons

 Stats using R      or Eyetemis 

• JCRS committee submitted 2 position papers to establish these guidelines

          Summary: Analysis of astigmatic outcomes

1 2
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• Astigmatism analysis requires both scalar and vector outcomes

• Vector prediction error is key to assessing changes from corneal or 
lens procedures

• Vector analysis uses double-angle plots,
doubling axes or meridians

• Astigmatic data often deviate from normal distribution and need non-
Gaussian methods

                   What is known
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• We present a full method to analyse astigmatic outcomes using both 
scalar and vector values

• We suggest statistical tools suited for both normal and non-normal 
data

• Two calculation tools are introduced to simplify and standardise 
astigmatism analysis

• These are the recommended methods for reporting in JCRS

              What this paper adds
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Setting standards for astigmatism analysis (editorial)

Standards for Analyzing Astigmatic Outcomes

Part I: Astigmatism Basics

Part II: Recommended Statistical Methods

June 2025 issue
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